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$Z$ $P(x_{1}, x_{2}, \ldots, x_{n})$ ,
, $P(x_{1}, x_{2}, \ldots, x_{n})$ ( $\leq d$) ,
. , , $x_{i}$ $d_{i}(d_{i}\geq\deg_{x}:(P)$ ,
$i=1,2,$ $\ldots,$ $n$ ) $\prime r$ .
, , ,
, .. , Newton Lagrange ,
.
- , , $P$ .
$-$ , , $\prod_{i=1}^{n}(d_{i}+1)$ $P$ .
- , $P$ ,
. ( $P$ . ,
, , . ). , ,
, .. . , , , ,
, [KT90] GCD .





, , , ,
( ). , ,
,
, ,
, $[Mur9lc, Mur9lb]$ .




, . $P$ $C$
. , $>2C$ $q$ , $Pmod q$
, $Z$ $P$ , .
, , .. , , Kaltofen [KLW90]




.. Ben-Or Tiwari (1988 STOC) $[BT88]-$ .
$-$ $P$ , 7 .
- , Grigoriev Karpinski [GK87] .
.
- $\ll$
. Toeplitz . $t$ , ,
, $P$ .
- , Vandermonde
.. Kaltofen Lakshman (1988 ISSAC 88) [KL88]
, .
-Toeplitz Brent [BGY80] .
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Vandermonde , [Zip90]
, .. Kaltofen, Lakshman Wiley (1990 ISSAC 90) [KLW90]
- , Toeplitz , , ,
.
- , $mod p^{k}$ .
$*$ , $P$ .
* , .
$*$ , .
$*$ , $Q$ , Wang [WGD82] .. (1991 Sep. . . ) $[Mur9la]$ .




, , Ben-Or Tiwari . ,
. , $P$ $\tau$ . , $P$ $t(\leq\ell r)$ ,
$P(x_{1}, x_{2}, \ldots , x_{n})=\sum_{k=1}^{t}c_{k}x_{1}^{e_{k.1}}x_{2}^{e_{k,2}}\cdots x_{n}^{e_{k,n}}$ ( ). $i$
$(2, 3, 5, \ldots)$ $p$: , $P(x_{1}, x_{2}, \ldots, x_{n})$ $(p_{1}ip_{2}i\ldots,p_{n}^{j})$
$a_{j} \Leftarrow P(p_{1}^{j},p_{2}^{j}, \ldots,p_{n^{j}})=\sum_{k=1}^{t}c_{k}b_{k^{j}}$ ,
. , $b_{k}$ $=p_{1}^{e_{k,1}}p_{2}^{e_{k,2}}\cdots p_{n^{k,n}}^{e}$ . , $a_{j}$
$u\cross u$ Toeplitz $A_{u}$ $\vec{a}_{u,v}$ :
$u=(\begin{array}{llll}a_{O} a_{1} a_{u-1}a_{1} a_{2} a_{u}| | \ddots |a_{u-1} a_{u} a_{2u-2}\end{array})$ , $\vec{a}_{u,v}=(\begin{array}{l}a_{u}a_{u+1}|a_{u+v-1}\end{array})$ .
1 . , .. [GK87] ( ) , $b_{k}$
, $b_{k}$ $(e_{k,1}, e_{k,2}, . . . , e_{k,n})$
.. Toeph-htz $A_{u}$ , $u=t$ , $u>t$ . ,
$V_{t}=(\begin{array}{llll}1 1 1b_{1} b_{2} b_{t}| | \ddots |b_{l}^{t-1} b_{2}^{t-1} b_{t}^{t-1}\end{array})$
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Ben-Or Tiwari
: $P\in Z[x_{1}, x_{2}, \ldots, x_{n}]$ $\tau$ .
: $P$ $\sum_{k=1}^{t}c_{k}x_{1}^{e_{k,1}}x_{2}^{e_{k,2}}\cdots x_{n}^{e_{h,n}}$ .
1: $a_{j},j=0,1,$ $\ldots,$ $2\tau-1$ , $A_{\tau}$ . $t$
.
2 : $t\cross t$ Toephtz $A_{t}\vec{\lambda}_{t}=-\vec{a}_{t,t}$ , $\vec{\lambda}_{t}=(\lambda_{1}, \lambda_{2}, \ldots, \lambda t)^{T}$
.
$: $\Lambda(z)=1+\sum_{i=1}^{t}\lambda_{i}z^{i}=\prod_{k=1}^{t}(1-b_{k}z)$ ,
$b_{k}$ . $b_{k}$ ($p:,$ $i=1,2,$ $\ldots,$ $n$ ) ,
$P$ $(e_{k,1}, e_{k,2} , 1 \cdot. , e_{k,n})$ $(k=1,2, \ldots, t)$ .
4 : , Vandermonde , ci $(1 \leq i\leq t)$
.
$(\begin{array}{llll}1 1 \cdots 1b_{1} b_{2} \cdots b_{t}| | \vdots b_{1}^{t-1} b_{2}^{t-1} \cdots b_{t}^{t-1}\end{array})(\begin{array}{l}c_{1}c_{2}|c_{t}\end{array})=(\begin{array}{l}a_{0}a_{1}|a_{t-1}\end{array})$ .
1: Ben-Or Tiwari
,
$A_{t}=(\begin{array}{llll}a_{O} a_{1} a_{t-1}a_{1} a_{2} a_{t}| | \ddots |a_{t-1} a_{t} a_{2t-2}\end{array})=V_{t}(\begin{array}{llll}c_{1} 0 c_{2} \ddots 0 c_{t}\end{array})V_{t}^{T}$ ,
$\theta)\grave{x}$ ,
$\det(A_{t})=\prod_{1=1}^{t}c_{i}\prod_{j<:}(b_{i}-b_{j})^{2}$ . (1)
$\det(A_{t})\neq 0$ , $A_{t}$ . , $j\geq 0$
$a_{j+t}+ \sum_{i=1}^{t}\lambda;a_{i+t-i}=\sum_{k=1}^{t}c_{k}b_{k^{j+t}}\Lambda(b_{k}^{-1})=0$ ,
. , $(i=0,1, \ldots, t-1)$ $\vec{\lambda}_{t}$ Toeplitz
\langle . Toeplitz , [Bla85, BGY80].. , $\Lambda(z)$ , $a_{0},$ $a_{1},$ $\ldots,$ $a_{2t-1}$ connection
polynomial [Mas69, Bla85] :
$\Lambda(z)=\prod_{k=1}^{t}(1-b_{k}z)=1+\sum_{i=1}^{t}\lambda_{i}z^{i}$ . (2)
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, Berlekamp-Massey [Mas69, Bla85]
[BT88], [KLW90] . , $t$ $\Lambda(z)$
, Toeplitz .. Vandermonde [Zip90, KL88],
, Vandermonde , .
4. Berlekamp-Massey
Berlekamp-Massey , , , linear feedback shift register
. $a_{0},$ $a_{1},$ $\ldots,$ $a_{2t-1}$ ,
connection polynomial . 2 .
Berlekamp-Massey
: $s_{0},$ $s_{1},$ $\ldots,$ $s_{2\tau-1}\in K$ , , $K$ .
: connection polynomial $\zeta(z)\in K[z]$ .
[ ] $\zeta(z)\Leftarrow 1$ ; $L\Leftarrow 0$ ; $\phi(z)\Leftarrow 1$ ;
[connection polynomial
for $j:=0$ to $2\tau-1$ do
begin
$\delta\Leftarrow Sj+\sum_{k=1}^{L}s_{i-k}\zeta_{k}(z)$ ; % discrepancy;
if $\delta=0$ then $\phi(z)\Leftarrow$ z)
else if $2L>j$ then $(\begin{array}{l}\zeta(z)\phi(z)\end{array})\Leftarrow(\begin{array}{l}\delta((z)-z\phi(z)z\phi(z)\end{array})$
else $(\begin{array}{l}((z)\phi(z)L\end{array})\Leftarrow(\begin{array}{l}((z)-\delta z\phi(z)\phi(z)/\delta j+1-L\end{array})$
end;
2: Berlekamp-Massey
, .. $K=Z/(q)$ , ($(z)$ (2) $(\Lambda(z)mod q)$ .. , $K=Z/(q^{k})$ . ,
[KLW90].





, .. $Z/(q)$ $A_{t}$ . ,
:
1. $c_{i}\equiv 0$ $(mod q)$ $i$ ,
2. $b_{i}\equiv b_{j}$ $(mod q)$ $i,j(i\neq j)$ .
, connection polynomial ? , $P$
? ,
$\sigma_{q}$ .
$\sigma_{q}=\{k|1\leq k\leq t\wedge c_{k}\not\equiv 0 (mod q)\wedge\forall j<k, b_{k}\not\equiv b_{j} (mod q)\}$
. $q\iota$ $(b_{k}mod q_{l})$ , $(e_{k,1}, e_{k,2}, \ldots, e_{k,n})$
.
$\bullet$
$-Z$ , 2 $\cross$ ( ) $\geq C$ .




1. $Z/(q)$ connection polynomial.
$a_{0},$ $a_{1},$ $\ldots,$ $a_{N}(N\geq 2t-1)$ , $Z/(q)$ connection polynomial $\Lambda_{q}(z)$
unique ,
$\Lambda_{q}(z)=\prod_{k\in\sigma_{q}}(1-b_{k}z)mod q$
. , $Z/(q)$ $( \sum_{k\in\sigma_{q}}c_{k,q}b_{k}mod q)$
.
2. $b$ , $b$ , $q\iota(l=1,2, \ldots, s)$ $(bmod q\iota)$
, $p_{1^{e_{1}}}p_{2^{e_{2}}}\cdots p_{n}^{e_{n}}$ , $(bmod q_{l})$ $b$
[Knu81, 273-275 ] . , $p_{1},p_{2},$ $\ldots p_{n}$ , $\prod_{l=1}^{s}q\iota>b$
.
(a) $b=v_{1}+v_{2}q_{1}+v_{3}q_{1}q_{2}+\cdots+v_{s}q_{1}q_{2}\cdots q_{s-1}$ $(v_{1}, v_{2}, \ldots, v_{s})$
,
$v_{1}$ $=$ $bmod q_{1}$
$v_{j}^{(1)}$ $=$ $bmod q_{j}$ , $v_{j}^{(i+1)}=(v_{j}^{(i)}-v_{i})q_{i}^{-1}mod q_{j}$ , $v_{j}=v_{j}^{(j)}$ .
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(b) $p_{i},$ $i=1,2,$ $\ldots,$ $n$ , . , $p_{i}$ $p$ .
$i$ . $q_{k}$ $p$ $\gamma_{k},$ $\delta_{k}$ $(q_{k}\Rightarrow\gamma_{k}p+\delta_{k}, 1\leq k\leq s-1)$.
$e_{i}\Leftarrow 0$ .
ii. $v_{1}+ \sum_{j}^{s-1}v\prod_{k=1}^{j}\delta_{k}$ mod $P$ $0$ , $pi+1$ .
iii. $e_{i}\Leftarrow e_{i}+1$ . $(v_{1}, v_{2}, \ldots,v_{s})$ , $p_{i}$ , .
$(\begin{array}{l}v_{s}r\end{array})$ . $(\begin{array}{ll}\lfloor v_{s}/p\rfloor mv_{s}od p\end{array})$ .
$(\begin{array}{l}v_{j}r\end{array})$ $\Leftarrow$ $(\begin{array}{ll}\lfloor(\delta_{j}r+v_{j})/p\rfloor+ \gamma_{j}rm\delta_{j}r+v_{j}od p\end{array})$ , $j=s-1,s-2,$ $\ldots,$ $1$ .
3. $P$ $t$ ?
$Z/(q)$ Toephhtz $\Lambda_{q}(z)$ , $t$ $P$ ,
, .. $b_{k}$
$B=0 \leq e_{j}\leq d_{j},\sum_{j=1}^{n}e_{j}\leq d\max\{p_{1}^{\epsilon_{1}}p_{2}^{c_{2}}\cdots p_{n}^{e_{n}}\}$
. $\prod_{l}q_{l}$
$\prod_{l}q_{l}>CB^{\tau(\tau-1)/2}\geq CB^{t(t-1)/2}>C\prod_{j\neq k}|b_{j}-b_{k}|$
, (1) , $q_{l}$ $\det(A_{t})$ $0$ , $t$
$\deg(\Lambda_{q_{l}}(z))$ . , , ,
.. $t$ , $q_{l}$ $(b_{k}mod q_{l})$ ,
, $t4$ .




, . , , ,
. ,
,
$\Lambda_{q}(z)=0$ , $P$ ,
. , Ben-Or Tiwari
, ,
( ). ,




, , $B$ , $q>B$
. , $c_{k}\equiv 0$ $(mod q)$ $k$ $(e_{k,1}, e_{k,2}, \ldots, e_{k,n})$
. , 2 $\cross$ ( ) $\geq C$ ,
, , Ben-Or Tiwari
.
, , ( $e_{1},$ $e_{2},$ $\ldots,$ $e$ ,
$q_{l}$ , :
$\Lambda_{q_{1}}(p_{1}^{-e_{1}}p_{2}^{-\epsilon_{2}}\cdots p_{n}^{-e_{n}})\equiv 0mod q_{l}$
,
(a) [CZ81] $\Lambda_{q_{1}}$ , (
, ),
(b) $(e_{1}, e_{2}, \ldots, e_{n})$ $b=p_{1^{e_{1}}}p_{2^{e_{2}}}\cdots p_{n}^{e_{n}}$ , $q_{l}$ ,
$bmod q_{l}$ ,
, . , ,
$\prod_{i}(4+1)$ , ,
, . ,
, . , , $b$ mod
$q$ , , .
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, ( ) $>B^{\tau}\geq B^{t}$ , $\prod_{k=1}^{t}(b’-$




(a) $P$ $b_{k,q}$ .
(b) $b_{k,q}$ ( ) Vandermonde ,
.
(c) $b_{k,q}$ $c_{k,\mathfrak{g}}$ , .






, $A_{t}$ ( , $q>B$ ),
, Toeplitz / , Berlekamp-Massey ,
$\tau$ $(a_{s}, a_{s+1}, \ldots, a_{s+\tau-1})$ connection polynomial , $s+1$
/ , connection polynomial
.
$A_{\tau}=\{\begin{array}{lll}a_{0} a_{1} a_{\tau-1}a_{1} a_{2} a_{\tau}| | |a_{s} a_{s+1} a_{s+\tau-1}| | |a_{\tau-1} a_{\tau} a_{2\tau-2}\end{array}\}$
7. Vandermonde
, $c_{t}arrow=(c_{1}, c_{2}, \ldots, c_{t})^{T}$ $\vec{a}_{0,t}=(a_{1}, a_{2}, \ldots, a_{t})^{T}$ , , Vander-
monde $V_{t^{C}t}^{arrow}=a_{0}arrow$ , .
Vandermonde $B=V_{t}^{T}$ , $(\beta_{0,j},\beta_{1,j}, \ldots,\beta_{t-1,j})^{T}$ $B^{-1}$ $i$
. $B_{j}(z)=\beta_{0,j}+\beta_{1,j}z+\cdots+\beta_{t-1,j}z^{t-1}$
. $BB^{-1}=V_{t}^{T}B^{-1}$ , $B_{j}(b_{i})=\delta_{ij}$ . , $(t-1)$ $B_{j}(z)$
$B_{j}(z)= \prod_{1\leq k\leq tk\neq j},\frac{z-b_{k}}{b_{j}-b_{k}}=\frac{B(z)}{\alpha_{j}(z-b_{j})}$
$f\underline{B}$





1: $B(z)$ $B(z) \Leftarrow\prod_{k=1}^{\ell}(z-b_{k})$ .
$\Lambda(z)$ .
2 : , $D(z)$ $D(z)= \sum_{k=0}^{t-1}a_{k}z^{t-k}=$
$a_{0}z^{t}+a_{1}z^{t-1}+\cdots$ -lz .
$S$ : $B(z)D(z)$ $z^{j}(j=t+1, t+2, \ldots, 2t)$
, $qj$ . $qj$ $Q_{t}(w)$
$Q_{t}(w)= \sum_{jq_{t+i}}^{\iota_{=1}}w^{j-1}$ .
4 : $c_{j}$ , $c_{j}=Q_{t}(b_{j})/B’(b_{j})$ .
3: Vandermonde
. , $=V_{\iota a_{0,t}}^{-1arrow}=(B^{-1})^{T_{arrow}}a_{0,t}$ , $c_{j}$ $\sum_{k=0}^{t-1}\beta_{k,j}a_{k}$
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